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Resumen— In this paper, a sampled delayed control is
proposed to regulate the chemical oxygen demand (COD)
concentration in anaerobic digestion processes. The proposed
scheme is obtained by the combination of an error feedback
control and a steady state estimator which allows the
tracking of constant references and the attenuation of
process disturbances. The controller performance is tested
experimentally over a period of 40 days under different
set-point values and several uncertain scenarios such as
badly known kinetic parameters and load disturbances.
The experimental protocol is performed in an up-flow
fixed-bed reactor used for the treatment of Tequila vinasses.
Experimental results show that the COD concentration can
be effectively regulated over a wide range of operating
conditions by using only a daily off-line COD measurement,
which make the industrial application of this control scheme
quite promising c© UdG-AMCA.
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I. INTRODUCTION

Anaerobic digestion (AD) has regained the interest of the
wastewater treatment scientific and industrial community
to reduce the organic matter from industrial and municipal
effluents because of their low initial and operational
costs, smaller space requirements, high organic removal
efficiency and low sludge production, combined with a net
energy benefit through the production of biogas. However,
its widespread application has been limited, because of
the difficulties involved in achieving the efficient operation
of this processes. This is why actual research aims not
only to extent the application of AD, but also to optimize
and increase the robustness of these processes. Thus, the
implementation of appropriate, carefully designed and
efficient control strategies for AD processes has become a
very important research area during the last years.
It is well-known that, in order to guarantee the so-called
operational stability (Hill et al., 1987) and to avoid
the eventual breakdown of AD processes, the organic
matter in the liquid phase must be kept in a set of
predetermined values, depending on factors such as
the reactor configuration and the characteristics of the
wastewater to be treated (Ahring y Angelidaki, 1997).
However, the complex nonlinear and nonstationary nature

of the AD process, the feed composition overloads, and
the presence of toxic and inhibitory compounds enhance
the control problems that are associated with the regulation
of the organic matter.
Over the past decade, the regulation of the organic
matter has been addressed by proposing different control
techniques (Ahring y Angelidaki, 1997; Schogerl et
al., 2001; Olsson et al., 2005; Alcaraz-González et
al., 2005; Méndez-Acosta et al., 2004; Méndez-Acosta
et al., 2005; Steyer et al., 2006). In fact, a summary of
the advantages and drawbacks of several control schemes
when applied to the control of AD processes has been
recently reported by Steyer et al. (2006). However, most
of these control approaches have been based in continuous
control theory. Therefore, these control schemes requires
of continuous or, at least, fast enough measurements
which can be approached to a continuous measurement
in order to be implemented. Nevertheless, this condition
is not always possible to satisfy in practice because of
technological or cost restrictions. In addition, the delay
induced by the time that the sensor consumes to process
the sample is also unconsidered. In this work, a sampled
delayed control scheme is designed by including these
important facts, which allow taking advantage of the
system information at the moment that it is available.
The proposed control scheme is designed to regulate
the organic matter concentration measured as chemical
oxygen demand (COD) by using the dilution rate as the
control input. The paper is organized as follows. First,
the considered AD model used in the controller design is
briefly described. Later, the control scheme is proposed
and experimentally implemented in an up-flow fixed-bed
reactor used in the treatment of Tequila vinasses. Then, the
controller performance and robustness are evaluated under
different operating conditions. Finally, some concluding
remarks are given.

II. MATERIALS AND METHODS

II-A. The mass-balance AD model

In this work, a simplified version of the mass-balance
model proposed by Bernard et al. (2001) is used in the
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controller design. This model has been widely used for
monitoring and control purposes due to its simplicity and its
capability to represent the dynamics of various continuous
AD bioreactors. Then, without any loss of generality, the to-
tal COD concentration in AD processes can be approached
by the following set of equations:

Ẋ = (μ(ST )− αD)X

ṠT = (ST,in − ST )D − k′μ(ST )X

(1)

where X (g/L) denotes the microorganisms population
involved in the AD process, D (1/hr) is the dilution rate,
ST and ST,in (gCOD/L) are the total COD concentration
at the process effluent and influent, respectively. μ(ST )
(1/hr) represents the specific growth rate of the bacterial
population given by a Haldane type function and k ′ (g
COD/g X) is the yield coefficient related to the degradation
rate of the total COD. Finally, the parameter 0 < α < 1,
represents the fraction of bacteria that are not fixed on the
bed, and therefore are affected by the dilution effect. For a
more detailed description readers are referred to Bernard et
al. (2001).

II-B. Control design

II-B.1. Basic concepts: First, let us consider a nonlinear
system described by the following differential equations

ẋ(t) = f(x(t), u(t), λ)

e(t) = h(x(t− τ ), r, λ)

(2)

where x ∈ R
n and u ∈ R are the state and input process

variables, respectively. λ ∈ R
p denotes an uncertain param-

eter vector which may take values in a neighborhood ℘ ∈
R

p of the system nominal values. r represents a constant
reference signal, while e describes the delayed regulation
error given by the difference between the system output
and the reference signal and τ is a constant delay. Then,
the delayed output discrete robust regulation problem can
be stated as follows: find, if possible, a feedback dynamic
discrete controller with sampling period δ, such that, for all
admissible parameters values ε (τ = εδ, 0 < ε < 1) and
around the system nominal values, the following conditions
are satisfied:

S (Stability) The solution of the closed-loop system,
without disturbances but with parametric varia-
tions at the sampling instant goes asymptotically
to zero.

R (Regulation) For each initial condition of both the
process and the controller in a neighborhood of
the origin, the solution of the closed-loop system
under the influence of disturbances and parametric
variations must guarantees that ĺımt→∞ e (t) = 0.

Now, let us consider the following matrices Ad0, Bd0

and Cd0, which are the discretized nominal matrices of the

linear approximation of system 2, i.e.,

Ad0 = eA0δ, Bd0 =

∫ t

0

eA0λdλB0, Cd0 = C0,

Bd1,0 =

∫ (1−ε)δ

0

eA0λdλB0, Bd2,0 = Bd0 −Bd1,0, (3)

where A0 = [∂f/∂x](x,u,λ)=(xss,uss,0)
,

B0 = [∂f/∂u](x,u,λ)=(xss,uss,0)
and C0 =

[∂h/∂x](x,u,λ)=(xss,uss,0)
. Then, from the robust regulation

theory (Isidori, 1995; Garcı́a-Sandoval et al., 2007), and
by assuming that the pairs (Ad0, Bd1,0) and

(
Ad, CdAd

)
,

where Ad =

(
Ad0 −Bd0

0 I

)
and Cd =

(
Cd0 0

)
are

controllable and observable, respectively, the following
local solution for the proposed delayed output discrete
robust regulation problem can be obtained by using the
next discrete controller

ξ̂j = ξj −Gd1

(
Cd0ξj − ej

)
(4)

ζ̂j = ζj −Gd2

(
Cd0ξj − ej

)
(5)

ξj+1 = Ad0x̂j −Bd0ζ̂j +Bd1,0uj +Bd2,0uj−1 (6)

ζj+1 = ζ̂j (7)

uj = Kdξ̂j + ζ̂j (8)

where uj is the discrete input, ξj and ζj represent the error
and the steady state input estimators, while ξ̂j and ζ̂j are its
actualized values when the error ej is available. Matrices
Kd and Gd =

(
GT

d1 GT
d2

)T
are such that the matrices

(Ad0 +Bd0Kd) and
(
Ad −GdCdAd

)
be Schur, and given

the existence of the symmetrical matrices Q > 0 and M >
0, the following Linear Matrix Inequalities (LMI) hold

ΨT
0 QΨ0 −Q+ 2M ≥ 0 ,(

M ΨT
0 QΨ1

ΨT
1 QΨ0 M −ΨT

1 QΨ1

)
> 0

(9)

where

Ψ0 =

⎛
⎝Ad0 +Bd1,0Kd −Bd1,0Kd Bd1,0

0 Ψ0,22 Ψ0,23

0 −Gd2Cd0Ad0 Ψ0,33

⎞
⎠ , (10)

Ψ1 =

⎛
⎝Bd2,0Kd −Bd2,0Kd Bd2,0

0 0 0
0 0 0

⎞
⎠ , (11)

Ψ0,22 = Ad0 −Gd1Cd0Ad0, Ψ0,23 = −Bd0 +Gd1Cd0Ad0

and Ψ0,33 = 1 + Gd2Cd0Ad0. The developement of the
proposed controller is presented in the Appedix.

Equations ( 4) and (5) produce the state controller actual-
izations at each sampling instant used to generate the input
(8), while by using (6) and (7) it is possible to predict the
next states of the controller. This actualization procedure
allows taking advantage of the measurements at the precise
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Component Range
Total COD (g/L) 28− 40
Volatile Fatty Acids (g/L) 1− 4
pH 3− 5

TABLA I

CHARACTERISTICS OF THE RAW TEQUILA VINASSES

instant they are available. The solution and existence of the
LMIs (9) guarantees stability even in spite of the output
delay. In controller (4)-(8), the variable ξ ∈ R

n and its
actualization (ξ̂) represent an observer for x while ζ ∈ R

and its actualization (ζ̂) allows to obtain the steady-state
input, where its contributions is analogue to the integral
action in continuous control schemes.

II-B.2. The COD control: By following the previously
described ideas, a robust sampled delayed control can be
designed for the COD regulation in AD processes. Thus,
from model (1), the linear matrices around the process
nominal values are given by

A0 = −μ (ST,r)

a

(
1 + k′Θ k′

−Θ 0

)
, C0 =

(
1 0

)
,

where Θ = (ST,in − ST,r)
KS+(ST,r/KI)

2

k′μm

μ(ST,r)

S2
T,r

and

μ (ST,r) = μmST,r/
(
KS + ST,r + (ST,r/KI)

2
)

. It is
straightforward to verify the controllability and observ-
ability properties of pairs (Ad0, Bd1,0) and

(
Ad, CdAd

)
,

respectively. Depending on the set-point value, matrices
Kd and Gd must be calculated in order to guarantee that
matrices (Ad0 +Bd0Kd) and

(
Ad −GdCdAd

)
are such

that the LMIs defined in (9) are fulfilled.

II-C. Experimental set-up

II-C.1. On the influent characteristics: The experiments
were performed by using raw Tequila vinasses as substrate,
which is the wastewater produced after Tequila’s distillation.
Tequila vinasses were collected from a cooling reservoir
in a Tequila factory located at La Laja-Jalisco, Mexico.
Around 95 % of the total COD was soluble. The vinasses
pH was adjusted to 6.5 by adding NaOH in the dilution
tank. Additional characteristics of the Tequila vinasses are
depicted in Table I.

II-C.2. The AD process: The schematic diagram of the
laboratory scale up-flow fixed-bed bioreactor used in this
work is depicted in Figure 1. The reactor was made of
Polyvinyl Chloride (PVC) with an effective volume of 2.8
L, where PVC tubes were used as support. The first part of
the process consists of a 6 L dilution tank, where known
volumes of water and vinasses can be mixed in different
proportions allowing the manipulation of the influent COD
concentration. In this point, the vinasses pH is regulated
around 6.5 by adding a NaOH solution through an off-on
control scheme computed by the control device described
in the next section. Connected to the dilution tank is a
remotely controllable peristaltic pump which ensures the

desired influent flow rate. Fresh substrate is mixed with the
recycled liquid just before entering to the reactor in order to
ensure homogeneous conditions. The liquid is collected by
overflow from the top of the reactor in a receiving vessel.
The temperature inside the reactor is regulated at 35± 1C
by using an immersion circulator and water as heat transfer
liquid which is conducted through the reactor jacket.

Figura 1. Schematic view of the fixed-bed anaerobic digestion process

II-C.3. The on-line measurements: The digester was
fully instrumented and automated, allowing the on-line
measurement of variables such as pH, temperature, pressure
and the biogas and wastewater flow rates. A National
Instruments cRIO9004� device equipped with analogical
and digital cards was used in the acquisition, treatment
and storage of the data while its remote capabilities allow
the remote monitoring and control of the process from an
internet connection. The programming of this device was
carried out by using the LabVIEW� 8.2 software.

II-C.4. The off-line measurements: Additionally to the
on-line measurements previously described, off-line mea-
surements were also performed in this work. The COD was
determined by the closed reflux colorimetric method by us-
ing the HACH digester DBR200 and the spectrophotometer
DR2800. It is important to remark that the COD determined
during the experiments corresponds to the soluble COD
because: a) most of the COD present in Tequila vinasses
is soluble and b) a possible contribution of washed out
biomass in the COD measurement is eliminated. Partial
(PA), total (TA) and intermediate (IA) alkalinities as well
as bicarbonate (B) were determined according to Ripley et
al. (1986). Volatile Fatty Acids (VFA) were measured with
a HPLC Watters 600 using a 2410-IR detector. Finally, the
biogas composition was determined with a Perkin Elmer
AutoSystem XL using a TCD detector. The samples used
to determine the influent composition were taken from the
dilution tank, while the effluent samples were taken from
the recycling loop.

II-C.5. Controller implementation: The nominal values
used during the experimental run was those reported in
Bernard et al. (2001), while ST,r = 30 g/L. The inlet flow
rate was used as manipulated variable Q = DV , where V is
the bioreactor volume. The inlet flow rate was constrained
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in order to avoid undesired effects such as the washout
phenomena; i.e.; Q ∈ [14,5, 116,6] mL/h. The sampled
delayed scheme was implemented by using a sampling rate
of 1 day and a delay of 5 hours which is the time needed
to determine the COD concentration of the sample by the
HACH methodology (i.e., δ = 1d and τ = 5h).

III. RESULTS AND DISCUSSION

The controller was implemented during 40 days under
different operating conditions in the face of different set-
point changes and load disturbances. Figure 2a shows
the behavior of the influent COD concentration. First,
diluted vinasses (50 % vinasses-50 % water) were feed to
the digester resulting in an influent COD concentration
around 20 g/L. Then, at day 30, a load disturbance was
induced by feeding raw vinasses reaching an influent COD
concentration close to 35 g/L. Two different set-point values
were used during the experimental run 1.5 and 2.5 gCOD/L.

The dynamic response of the effluent COD concentration
under the influence of the sampled delayed control is
depicted in Figure 2c. Clearly, the proposed control scheme
was able to regulate the COD concentration around the
desired set-point values. Notice the excellent performance
that the control scheme has in both cases: the set-point
tracking and the load disturbance rejection. It can be seen
that the controller response is quite fast even when the
sampling rate is of 1 day. For instance, the controller needed
just one sampling period to be close to the new reference
after a set-point change and just two sampling periods in
order to reject the load disturbance induced at day 30.

On the other hand, Figure 2b illustrates the behavior of
the manipulated variable given by the inlet flow rate Q.
Notice that the flow rate computed by the control scheme
(QC) as well as that one measured at the entrance of the
digester (Qm) were the same. Observe also that the ma-
nipulated variable never saturates neither when a set-point
change is induced nor by the load disturbance provoked by
the feed of pure vinasses to the reactor. Although the control
law was daily recalculated, the behavior of the influent flow
rate was quite smooth. This behavior is a desirable feature
from a practical point of view, in order to guarantee safety
operating conditions and increase the lifetime of the feeding
pump.

IV. CONCLUSIONS

A robust sampled delayed control scheme for the to-
tal COD regulation in AD processes was proposed. The
controller performance was experimentally evaluated over
40 days under different operating conditions in an up-flow
fixed-bed AD process used for the treatment of Tequila
vinasses. It was shown that the controller yields robustness
in the face of parameter uncertainty, load disturbances, and
variable set-points. The performance of the proposed robust
approach is particularly encouraging to scale it up to real-
life industrial applications because: (a) its simple structure
is easy to implement, (b) expensive on-line sensors are

Figura 2. a) Influent soluble COD concentration. b) Inlet flow rate
computed by the control scheme (Qc) and measured (Qm). c) Response of
the effluent soluble COD concentration under the influence of the sampled
delayed control

not required and (c) neither the knowledge of the influent
composition nor the process kinetics are also required.
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APPENDIX: CONTROLLER DESIGN

Let us consider the existence of mappings xss = π (r, μ),
and uss = γ (r, μ) which solve the equations

0 = f (π (r, λ) , γ (r, μ) , μ) (12a)

0 = h (π (r, λ) , r, μ) (12b)

for all admissible values of μ ⊂ ℘, with π (0, μ) = 0 and
γ (0, μ) = 0, both defined in a neighborhood of the origin of
(r, μ) = (0, 0). Notice that π (r, λ) defines the state vector
for the zero output submanifold of system (2), while γ (r, μ)
is the necessary input to make invariant this submanifold.
Notice that this input only depends on the reference, r, and
on the uncertain parameter vector, therefore it is constant
and can be generated from the dynamic system ż = 0,
γ (r, μ) = z.

Now, if one consider the deviation of the steady state
x (t) = x (t) − π (r, λ), using the central manifold theory
one may find a suitable mathematical model of the system
(2) given by

ẋ (t) = A0x (t)−B0z (t) +B0u (t) (13)

+f2 (x (t) , λ) (14)

ż (t) = 0 (15)

e (t) = C0x (t− τ ) (16)

+h2 (x (t− τ ) , r, λ) (17)

where

A0 =

[
∂f

∂x

]
(0,0)

, B0 =

[
∂f

∂u

]
(0,0)

and C0 =

[
∂h

∂x

]
(0)

,

while f2 and h2 contain the second or higher order terms,
which vanish at the origin with their first order derivatives.
z ∈ R represents an immersion of the steady state input,
γ (r, μ). As can be seen, (14)-(17) is an extended represen-
tation of (2) since the immersion (15), which can produce
the steady state input γ (r, λ), was also incorporated in the
model.

Let us recall that the discrete output is sampled with a
period δ at time t = kδ, for k = 0, 1, 2, . . ., but is available
after a delay τ = εδ at time tk = (k + ε) δ, i.e.

e (tk) = h (x (kδ) , r, μ) =: ed (k)

then at time tk it is possible to estimate the values of
x (kδ) = x (tk − τ ) and z (kδ) = z (tk − τ ) by using ed (k)
in a discrete observer.

The discretized version of the linear approximation of
(14)-(17) from one sampling instant to the next sampling
instant (i.e. from t = kδ to t = (k + 1) δ) is

xd (k + 1) = Ad0xd (k)−Bd0zd (k) (18)

+

∫ δ

0

eA0λB0u (kδ + δ − λ) dλ (19)

zd (k + 1) = zd (k) (20)

ed (k) = C0xd (k) (21)

where xd (k) = x (kδ), zd (k) = z (kδ),

Ad0 = eA0δ, Φd = eΦδ and Bd0 =

∫ δ

0

eA0λB0dλ. (22)

Notice that to calculate the integral in (19) it is necessary
to know the behavior of the input from t = kδ to t =
(k + 1) δ. If we use the controller (4)-(8) it is evident that
equations (4) and (5) perform the actualization of ξd and ζd
a time tk = (k + ε) δ when the output is available, therefore
for kδ ≤ t < (k + 1) δ the input (8) is equal to

u (t) =

⎧⎨
⎩

Kdξ
+
d (k − 1)

+ζ+d (k − 1) if kδ ≤ t < kδ + τ
Kdξ

+
d (k) + ζ+d (k) if kδ + τ ≤ t < (k + 1) δ

,

because at time t < tk the discrete controller state has
not been updated. Replacing this input, the integral in (19)
becomes∫ δ

0

eA0λB0u (kδ + δ − λ) dλ = Bd0,1Kdξ
+
d (k)

+Md0,1ζ
+
d (k)+Bd0,2Kdξ

+
d (k − 1)+Md0,2e

Φδζ+d (k − 1)

where

Bd0,1 =

∫ δ−τ

0

eA0λB0dλ and Bd0,2 =

∫ δ

δ−τ

eA0λB0dλ,

therefore the discrete linear approximation of system (14)-
(17) using input (8) is

xd (k + 1) = Ad0xd (k)−Bd0zd (k)

+Bd0,1

(
Kdξ

+
d (k) + ζ+d (k)

)
(23)

+Bd0,2

(
Kdξ

+
d (k − 1) + ζ+d (k − 1)

)
,

zd (k + 1) = zd (k) .

Defining the variables

ϑd (k) =

(
ξ
d
(k)

ζ
d
(k)

)
=

(
xd (k)− ξd (k)
zd (k)− ζd (k)

)

since x+
d (k) = xd (k) and z+d (k) = zd (k), the dynamics

of ϑd is

ϑ+
d (k) =

(
I −GdCd

)
ϑd (k) (24)

ϑd (k + 1) = Adϑ
+
d (k) (25)

where Ad and Cd are defined in (3). Then making an
advance in (24) and substituting (25) we obtain

ϑ+
d (k + 1) =

(
I −GdCd

)
Adϑ

+
d (k) , (26)

if Gd renders Schur the matrix
(
Ad −GdCdAd

)
then

ĺımk→∞ ϑ+
d (k) = 0, which implies that the states ξ+d (k)
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and ζ+d (k) of the proposed controller converge to xd (k)
and zd (k), respectively.

To verify that the Stability condition is fulfilled
with the propose controller, defining ϑ+

d (k) =

col
{
x+
d (k) , ξ+

d
(k) , ζ+

d
(k)

}
, from (23) and (24) it

hold that

ϑ+
d (k + 1) = Ψ0ϑ

+
d (k) + Ψ1ϑ

+
d (k − 1) (27)

where Ψ0 and Ψ1 are described in (10) and (11). No-
tice that since Kd and Gd render Schur the matrices
(Ad0 +Bd1,0Kd) and

(
Ad −GdCdAd

)
, respectively, then

Ψ0 is Schur and defining the Lyapunov function

V = ϑ+T
d (k)Pϑ+

d (k) + ϑ+T
d (k − 1)Qϑ+

d (k − 1)

the increment of V is

ΔV = ϑ+T
d (k + 1)Pϑ+

d (k + 1)

−ϑ+T
d (k) (P −Q)ϑ+

d (k)

−ϑ+T
d (k − 1)Qϑ+

d (k − 1)

= ϑ+T
d (k)

(
ΨT

0 PΨ0 − P +Q
)
ϑ+
d (k)

+ϑ+T
d (k − 1)ΨT

1 PΨ0ϑ
+
d (k)

+ϑ+T
d (k)ΨT

0 PΨ1ϑ
+
d (k − 1)

+ϑ+T
d (k − 1)ΨT

1 PΨ1ϑ
+
d (k − 1) .

If the first LMI of (9) holds, then

ΔV ≤ −
(

ϑ+
d (k)

ϑ+
d (k − 1)− ϑ+

d (k)

)T

(
Q −ΨT

0 PΨ1

−ΨT
1 PΨ0 Q−ΨT

1 PΨ1

)(
ϑ+
d (k)

ϑ+
d (k − 1)− ϑ+

d (k)

)
and if the second LMI of (9) is satisfied it is guaranteed that
ΔV < 0, therefore system (27) is asymptotically stable.
Guaranteeing that controller (4)-(8) stabilizes system (2) in
a neighborhood of the origin.
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